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Abstract. In this article, we provide a detailed account of a construction sketched by Kashiwara in 
an unpublished manuscript concerning generalized HKR isomorphisms for smooth analytic cycles whose 
conormal exact sequence splits. It enables us, among other applications, to solve a problem raised 
recently by Arinkin and Caldararu about uniqueness of such HKR isomorphisms in the case of the 
diagonal injection. Using this construction, we also associate with any smooth analytic cycle endowed 
with an infinitesimal retraction a cycle class which is an obstruction for the cycle to be the vanishing 
locus of a transverse section of a holomorphic vector bundle. 



1. Introduction 

The existence of the Hochschild-Kostant-Rosenberg (HKR) isomorphism is a fundamental resuh both in 
algebraic geometry and in homological algebra. Let us recall the statement: 

Theorem 1.1 ([8]). Let A be a finitely generated regular commutative algebra over a field k of charac- 
teristic zero. Then for any nonnegative integer i, the Hochschild homology group HHj(^) is isomorphic 
to the module ^^/f. of Kdhler differentials of degree i of A. 

The HKR isomorphism has been generalized in the context of algebraic geometry in |16j and [17) : 
for any smooth quasi-projective variety over a field of characteristic zero, the derived tensor product 

^x'^Oxxx^x is isomorphic in the derived category of sheaves of O^-modulcs to the direct sum of its 
cohomology objects, which is The same result also holds for smooth (or even singular) complex 

manifolds as shown in [2] and |15) , but the proof is much more involved. 

We are interested here in a generalization of the analytic HKR isomorphism consisting in replacing the 
diagonal injection by an arbitrary closed embedding. If {X, Y) is a pair of complex manifolds such that 

L 

X is a closed complex submanifold of Y, the derived tensor product Ox^o ^x '^^ ^^t isomorphic in 
general to the direct sum of its cohomology objects. This fact is the main issue of [I^, where it is proved 

L 

that Oj^(^Q O-^ is isomorphic to 0^ A'iV^^^[i] if and only if the normal bundle of X in Y extends 

to a locally-free sheaf on the first formal neighbourhood X of X in Y. More precisely, if M is such an 
extension, the authors construct a specific generalized HKR isomorphism, generally depending on A/", 

L 

between 0^®q^0^ and 0,- K^N^jyli]- Therefore, it appears clearly that it is necessary to quantize 
an analytic cycle (i.e. to add some additional geometric data) in order to associate with this cycle a 
well-defined HKR isomorphism. Quantizing the normal bundle allows to define HKR isomorphisms for 
the most general cycles (while dealing with smooth cycles), but the counterpart of this generality is that 
the space of the possible quantizations of a cycle cannot be easily handled. For instance, the following 
problem is raised in [T] : in the case of the diagonal injection, are the HKR isomorphisms associated with 
the quantizations given by the two canonical projections the same? More generally, the comparison of 
HKR isomorphisms associated with different quantizations of an analytic cycle is still an open problem. 

In this article, our aim is to present a different construction of HKR isomorphisms associated with pairs 
(X, Y) of complex manifolds satisfying a more restrictive condition than the aforementioned one: the 
normal (or conormal) exact sequence associated with the cycle X has to be holomorphically split, which 
means in an equivalent way that the injection of X into X admits a holomorphic retraction. For any 
such retraction cr, the locally-free sheaf a*N-^iy is a quantization of N^^y as defined above. As far as 
the diagonal injection is concerned, this process is carried out in [9] (which is reproduced in [lOt chap. 
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5]); the general case is sketched in [9]. Considering its importance, we provide a detailed account of the 
construction. 

In this setting, analytic cycles are quantized by retractions of their first formal injection (that is the 
injection into their first formal neighbourhood) so that the set of possible quantizations of an analytic 
cycle is an affine space whose underlying vector space is Hom( il^c j -^j^/y)- With such a quantization a 
is associated a complex V„ of coherent sheaves on X which is quasi-isomorphic to Ox and reduces to 
the first part of the Atiyah exact sequence when X is a divisor in Y (this is why we call the Atiyah- 
Kashiwara complex associated with a). The sheaves defining V„ are torsion sheaves, so that they are 
definitely not flat over Oy However, a remarkable fact is that V„ can be used to compute the derived 

L L 

tensor product Ox^o therefore to get a specific HKR isomorphism between Ox®o ^x 

and 0j N x/y\'']- turns out that is exactly the HKR isomorphism constructed in [1] associated 
with the quantization a*N ^jy of N ^jy 

Our first result provides sufficient conditions in order that two different retractions of the first formal 
injection of an analytic cycle define the same HKR isomorphism: 

Theorem 1.2. Let [X^Y) be a pair of complex manifolds such that X is a closed submanifold ofY and 
let j be the injection of X into its first neighbourhood X in Y. 

(1) Assume that N^jy carries a global holomorphic connection. Then for any retractions a and a' 
of j, is naturally isomorphic to V^,. 

(2) Let a and a' be two retractions of j such that the element a' — a in Hom^,^ (fi^f , -/Vj^^y) is an 
isomorphism. Then is naturally isomorphic to V^, . 

In the case of the diagonal injection, the quantizations prj^ and prj satisfy the second condition of the 
theorem, which gives a positive answer to the problem mentioned above. 

Another important outcome of this construction is what we call the dual HKR isomorphism. To explain 
this notion, we consider the complex TZT-Lom^ (Oj^,©^^-) corresponding to Hochschild cohomology in 
the case of the diagonal injection. This complex is well-defined up to a unique isomorphism in the 
bounded derived category D^{Oy) of sheaves of Oy-modules, but not in D^{Ox)- Indeed, the canonical 
isomorphism in D^{Oy) between RlHoniQ^ ( * , O^)] (Cx) ^^^^^ R['Homo^ (^X' * )] i^x) induced 
in general by an isomorphism in the category D^{Ox)- The purpose of the dual construction is to 
construct a specific isomorphism (the dual HKR isomorphism) between K[TLomo^{Ox, *)] (C'x) ''^^'^ 
0j A''Nx/y[—i] in D^{Ox)- This is achieved by replacing Ox by the dual complex 'HomQ^{'P„,Ox), 
which is also a bounded complex of coherent sheaves onX. 

The dual HKR isomorphism is a powerful tool, which has been used initially in |2 for the diagonal 
injection to give a functorial definition of Euler classes of coherent sheaves; it has led to a simple proof of 
the Grothendieck-Riemann-Roch theorem in Hodge cohomology for arbitrary proper morphisms between 
complex manifolds [7]. We provide here another application: for any quantized analytic cycle (X, a) in a 
complex manifold Y, we construct a cohomology class qd^) in ®i H*(X, AW^^^.) called the quantized 
cycle class of {X, a) . We prove that this class provides an obstruction for X to be defined as the vanishing 
locus of a transverse section of a holomorphic vector bundle on Y: 

Theorem 1.3. Let {X,a) be a quantized analytic cycle of codimension r in Y and assume that there 
exists a couple {E, s) such that 

(1) E is a holomorphic vector bundle of rank r on Y . 

(2) s is a holomorphic section of E vanishing exactly on X, and s is transverse to the zero section. 

(3) The locally-free O x-modules E Oj^ and cf*Nx/y are isomorphic. 

Then q„{X) = 1. 

For the diagonal injection, it follows from the results of [12], [13], [Z] and [TJ that q-p^_^{/S.x) is the Todd 
class of X. Up to the author's knowledge, the quantized cycle class q„{X) has not yet appeared in the 
literature, and it would be interesting to compute it in purely geometrical terms. 
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To conclude this introduction, let us discuss the link of this construction with the generalized Duflo 
isomorphism. The aim of this isomorphism is to understand precisely how the HKR isomorphism between 
the algebras Ext^^^^ (Oj^, O^^) and Il*{X,A* TX) fails to be multiplicative. After the seminal work 
[TT] . the following result (conjectured in |5]) was proved: 

Theorem 1.4 (f?]). For any complex manifold X, ifT denotes the standard HKR isomorphism between 
Exto^^^(Ox,Cx) and H*{X,K*TX), then (td(X))-i/2 j T is a ring isomorphism. 

For general cycles, the algebra Ext^ (0^,0^^) is no longer graded commutative, and its structure is 
the object of current active research (see the program initiated in P]). The quantized cycle class g^(X), 
which generalizes the Todd class for arbitrary quantized analytic cycles, is likely to play a part in the 
understanding of this algebra. 

Let us describe more precisely the outline of this article. After a preliminary section (§ [5]), it is divided 
into three main parts: the local construction of HKR isomorphisms is carried out in § [3J these results 
are globalized in § |4] and provide an application in § [5] where we construct and study the quantized cycle 
class. We now turn to the specific organization of each part. 

In § 12.11 we recall some elementary constructions in exterior algebra such as contraction morphisms and 
Koszul complexes, mainly to fix sign conventions. In § 12.21 an abstract construction on dg-algebras is 
performed, the aim of which is to provide a general setting for Atiyah-Kashiwara complexes. 

At the beginning of § [3l we define specific notation for the derived functors of the functor Hom and for 
the tensor product, since they cannot be derived as bifunctors in our setting. In ij 13.11 are defined the 
Atiyah-Kashiwara complex (Definition [OJ together with the dual Atiyah-Kashiwara complex (Definition 
13. 3p : and in Propositions l3.2l and l3.4l we establish the corresponding local HKR isomorphisms. The proofs 
we give here are bound to extend naturally to a global setting. In Proposition [331 "we compare in a weak 
sense the HKR and dual HKR isomorphisms. The argument of this proof will be used anew in the proof 
of Theorem 15.21 (which is Theorem 11.31 in this introduction). In § 13.21 the construction performed in 
§ 13.11 is compared to the construction of [T] in the local case, and both are shown to be compatible in 
Proposition 13.71 In § 13.31 Proposition 13.81 provides conditions to construct naturally automorphisms of 
Atiyah-Kashiwara complexes, and is the local version of Theorem 11.21 

The next part (§|1]) deals with the complex analytic case. In the first section 14. ip . the results of 13.11 
and § 13.31 are stated in a global setting. Propositions 14.31 14.51 and Theorem 14.61 (which is Theorem 11.21 
in this introduction) extending Propositions 13.21 13.41 and 13.81 respectively. In § 14.21 we explain how to 
twist Atiyah-Kashiwara complexes by extension classes. In Proposition 14.91 we prove that two Atiyah- 
Kashiwara complexes associated with different retractions become isomorphic after twisting by extension 
classes depending on the Atiyah class of the conormal bundle N^.y In Theorem l4.111 we recall (in slightly 



more general terms) the principal result of [T] and we prove in Theorem 14 . 1 31 that . when the cycle admits 
an infinitesimal retraction, the HKR isomorphisms of [I] associated with arbitrary quantizations of the 
normal bundle are again twisted HKR isomorphisms in our sense. In the case of the canonical quantization 
associated with a retraction, we obtain the compatibility of HKR isomorphisms (this globalizes proposition 
13. 7p . The aim of ^ 14.31 is to study and carefully compare twisted HKR isomorphisms (and so to compare 
HKR isomorphisms associated with different retractions, thanks to Proposition l4.9p . We give some results 
in particular cases, namely when the twist are obtained by tensorization with holomorphic line bundles 
on X (Theorem 14.14p , and then for general extension classes when only the last but one term of each 
Atiyah-Kashiwara complex is twisted (Theorem 14.16P . As a corollary, we deduce in Theorem 14.171 the 
general comparison theorem between HKR isomorphisms associated with different retractions for cycles 
of codimension two. We are led to propose a conjecture for the general case fConiecture 14.18p . 

The last part (§ [5]) deals with the quantized cycle class. In § 15.11 using the dual HKR isomorphism, 
we define this cycle class and compute it in specific cases. In Theorem 15.21 (which is Theorem 11.31 in 
this introduction), we prove that the quantized cycle class is one when the cycle X is the zero locus of 
a transverse section of a holomorphic vector bundle on Y satisfying a compatibility condition with the 
retraction a. In Theorem l5.41 we obtain that the class ^pr^^ (Ajf) is the Todd class of X; this is equivalent 
to the main result of [7]. Finally, we deal with the divisor case in theorem [531 Preliminary constructions 
for ? 15.31 are carried out in S 15.21 if j denotes the injection of the cycle X into Y, we study the right and 
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left adjoints j * and j ' of the direct image functor j„ operating on the corresponding derived categories. 
In ij 15.31 following [10, chap. 5] for the diagonal injection, we establish in Theorem 15.121 that the natural 

L , 

isomorphism between j '^o^'^x/f ^^'^ j 'j*^x obtained using the local cycle class of X in y is 

given via the HKR isomorphisms by contraction with the quantized cycle class q^{X). 

Acknowledgments. I wish to thank Pierre Schapira who has encouraged me all along, and also Damien 
Calaque and Richard Thomas for useful conversations and comments. 

2. Preliminary constructions 

2.1. Duality and cup-product. Let r be a positive integer, A be a commutative /c-algebra over a field 
k of characteristic zero, and i5 be a free ^-module of rank r. In this section, all tensor and exterior 
products are taken over A. 

Definition 2.1. For any nonnegative integers p and q, we denote by Wp^q : A^^'^i? — ^A^E (x)A'^E the 



transpose of the cup-product map from A^E * A'^E * to A^^'^E * multiplied by 



p\q\ 



ip + q) 



It is possible to give another natural definition of Wp^q as follows; for any nonnegative integer n, let 6„ 
denote the symmetric group with n letters, and let e : ©„ — — 1, 1} be the signature morphism. We 

define the symmetrization and antisymmetrization maps a„ : E — ^A"'E ands„:A"i? — E by 
the formulae below: 

{o„ (wi «) w„) = A ... Aw„ 
S„ A . . . A Vj = -1 J2 '^(^^ ^-^(l) ® • ■ • ® ^ain) 

A straightforward computation shows that 

(2) Wpjv^ A ... A Vp^g) = J^^^ J2 ^(^) ("-(1) ^ ■ • • ^ ^-(P)) ® (^-(P+i) ^ ■ • • ^ 

where a runs through all {p-q) shuffles, which implies that Wp^q = (a^ ® Oq) oSp+q. 

Definition 2.2. For any nonnegative integers m, p, k and any cf) in Hom(A^i?, A'^i?), we define t™p{(j>) 
in Hom(AP+'"i;, A'^+'^S) by the composition 

t^"p(0) : AP+'^'E ^ A^E ® A™S ^^"^ ^ Af'E ® A"'E ^ A^+"£;. 

The translation operator t^^^ (<?!)) : Hom(AP£', A''E) — s-Hom(A''+'"£;, A''+"'E) satisfies the following im- 
portant property: 

Lemma 2.3. For any nonnegative integers m, p, k such that k > p and for any a in A'^ ^E, we have 
t^pia^ .)=aA . 

Proof. By for any e^,. . . , ep_|_„ in E, we have 

, , , pi ml sr-^ , 

h^pia^ -jlei A... Aep+„) = .^-—--^ £(a) a A e^(i) A • • • A e^(p) A e^(p^i) A • • • A e^(p+^) 

= aAei A... Aep+„. 

□ 

For any positive integer p, any vector v in AE defines two endomorphisms £y and of AE given by 
ivix) = V Ax and ry(x) — xAv. The map ^r^ (resp. ) is by definition the left (resp. right) contraction 
by v; it is an endomorphism of AE * denoted by i — >■ vj (p (resp. (j) I — ^ (/) l f ). The left (resp. right) 
contraction morphism endows AE* with the structure of a left (resp. right) A_E-module. 

There are two duality isomorphisms and from AE ® det i? * to AE * given by 

(3) D\v®C}^vj^ and D^v®C}=^^v 
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Remark that (resp. D^) is an isomorphism of left (resp. right) A£'-modules. 

We pause for a moment in order to discuss sign conventions concerning contraction morphisms. Let 
Ar — G N'^ such that i + j < r}. For any sign function x ■ — ^^21 '^'^ '^^^ consider the left 

(resp. right) twisted contraction morphism from AE (g) AE* (resp. AE* (g) AE) to AE* defined on 
homogeneous elements by the formula 

vj^(j) = x[deg{v),r - deg{(f))] vj(j) 
w = x[deg(?;), r - deg((/>)] l w 

A routine computation shows that the left (resp. right) twisted contraction by a sign function x defines 
a left (resp. right) action of AE on AE* if and only if x is one of the four following functions: 

- x{p, a) = 1 

- X(p,9) = (-lf 

£<£±1) I „„ 

- x(p,«) = (-i) ' 

Therefore there are four different sign conventions for a left (resp. right) action of AE on AE*. 

We end this section with Koszul complexes. Let M be an A-module and let (j) be an A-linear form on 
M. The Koszul complex L{M, (j)) is the exterior algebra A^M endowed with the differential d of degree 
— 1 given for any positive integer p by 

p 

Sp{mi A ... A nip) — ^ {—ly~^(t){m^) rrii A . . . A m^_i A mj_^;^ A ... A m^. 

i=l 

If elements in A, we recover the classical Koszul complex associated with the x.^ 's by taking 

M = A'' and 0(ai, . . . aj = XiLi ^t^^t- 

Assume now that M is free of finite rank r, and consider M as the dual of M* . In this case, S is exactly 
the right contraction by acting on A^M. Using the standard sign convention for Hom complexes 
(see for instance [TU] Remark 1.8.11 and [5] Remark 1.1.11), the differential 6* of i* is given for any 
nonnegative integer p by 

S; = {-ir+' A . = - ( . A 0) 
Thus, the right duality morphism D"^ : AM* (g) detM^^AM induces an isomorphism 

(4) (i*,(5*) ~ (i,-(5) ®^detM*[-r]. 

2.2. Extensions and dg-algebras. Let A be a (non necessarily commutative) unitary algebra over a 
field k of characteristic zero, I he a, A (g) ^"''-module, and B be the trivial ^-extension of A by /. This 
means that B = I (B A, endowed with the algebra structure defined by 

(i, a) . (i', a') = (ia' + ai' , aa'). 

Let us take a dg-algebra (.4, d) over k concentrated in positive degrees, whose differential has degree — 1, 
and satisfying the following compatibility condition: 

(5) The truncated dg-algebra Ai — isomorphic to B — ^A. 
We denote by |a| the degree of an homogeneous element a in ^. 

Definition 2.4. Let B denote the graded module 0fc>i A)., where each Af. sits in degree k — 1. 

(1) For any homogeneous elements a and a' in ;B, we put 

a*a' = a.da' + (-l)l"l+^da . a' + (-1)'°' da.lg. da' 
where Ig — (0, 1a) is the the unit of B considered as an element of Ai- 

(2) We endow B with a differential d of degree —1 given for any positive integer k by df, = kdk+i- 

Remark that via the isomorphism between Ai and 5, the product * from Ai ®f. Ai to Ai is exactly the 
product in the algebra B. 
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Proposition 2.5. For any dg-algebra satisfying ([5]), {B,*,d) is a dg-algebra. 

Proof. This is proved by direct computation. Let us prove for instance that d satisfies Leibniz rule, and 
leave to the reader the associativity of *. We take two homogeneous elements b and b' in B of respective 
degrees k and k' . Then 

dk+k' (b * b') = (fc + fc') * b') = {k + k') db . db' 

= k {d,^,b * b') + (-1)^- fc' (b * 4,+,6') = d,b * b' + {-if^ b * d,,b'. 

□ 

It follows from this result that all the A/^'s are naturally B (g)^ i?°P-modules. Besides, A can be endowed 
with the structure of a _B (X)^, i? "^-module, and there is a natural B (g^. i? "''-linear morphism tt : B — 
obtained via the composition B — ^ Bq ~ Ai — ^ ~ A. Besides, the diagram below 

B(E}r,B — *-^B 



A®g A A 

is commutative, the bottom line being given by ai (g) 02 I — 0102- 

The situation is more comfortable in the commutative case, i.e. when A is commutative, / is a A-module 
(hence a A^f. j4°''-module), and A is graded-commutative. In that case, B is also graded-commutative 
and all the -4j,'s are endowed with a _B-module structure commuting with the differential d. 

In the main example of application, which we describe now, we assume A to be commutative, and we 
take for A the exterior algebra B endowed with the Koszul differential given by the A-linear form 
pr2 : B — s-A. Thus, for any positive integer fc, 

fe 

4(^1 A ... A 6J - P'^2(&.) &i A . . . A A 6,+i A ... A 6^. 

1=1 

Besides, via the isomorphism 

(6) A^/©A^"'/ ^ A^B 

a , j) I — ^ i + Is A j 

k k—l 

the differential df. : A^i? — s-A^ B is obtained as the composition 

. k . fc-l . fc-l 

Thus A (considered as a complex of A- modules) is exact. Via the isomorphism ([5]), the product * has 
the following explicit form: 

, . k+l . fe , , , l+l . i N . fe+i+1 . k+l 

(7) (A^ /©A^/)®,(A^ ^®A^/) ^ A^ / © A^ / 

(ii, ji)«)(i2, 3_2) ^ (iiA j2 + (-l)''jiA is, jiAjs)- 

fe 

In particular, the i?-module structure on A^i? is given by the formula 

(8) (i,a) * ( j 1, j 1) = (a i 1 + i A ji, aj 1). 



3. Atiyah complexes (I) 

In this section we assume that A is a commutative algebra with unit over a field k of characteristic zero, 
and we adopt the notations of § 12. 2[ except that from now on we use the cohomological grading for 
complexes, which means that all differentials are of degree +1. 
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We also introduce extra notation for derived functors. Let i? be a commutative /c-algebra, M be an 
A-module, and assume that A is a quotient of R. We consider the foUowing four functors, from Mod(i?) 
to Mod(A) for the three first ones and from Mod(i?) °^ to Mod(A) for the last one: 

S ^ M®j^S, S ^ S(giB.M, S Homj^(A/,5), S Hom^(5,M) 

The associated derived functors are denoted by 

S M%'j^S, S S%^j^M, S RHom^(M,5), S RHom^(S',M) 

Of course, these functors can be defined for any M in (A) for the three first ones and for any M in 
D'^{A) for the last one. 

There is a slightly subtle point behind these definitions: for any elements M, N in D^{A), there is 

L, r L, £ 

a canonical isomorphism between M ®j^N and M ® ^^N in D (i?), but this isomorphism is not a 
priori induced by an isomorphism in D~{A). The same thing happens with the isomorphism between 
RHom^f(Af,7V) and RHom^(Af,7V) in D+{R). 

3.1. HKR isomorphisms for regular ideals. Let / be a free ^-module of finite rank r. The construc- 
tion performed in § 12.21 allows to make the following definition: 

Definition 3.1. The Atiyah-Kashiwara (AK) complex associated with / is the complex of B-modules 
P : ^A/S -^A,B :i ... ^0 

A A 

where B is in degree 0. 

There is a quasi-isomorphism P A in Mod(i3). As a complex of A- modules, P splits as the direct 
sum of A and of a nuU-homotopic complex. 

Let us now take a commutative fc-algebra C with unit as well as a regular ideal J in C of length r. If 
(ill ■ • ■ 1 Jr) ^ regular sequence defining J, then J/ is a free C/ J-module of rank r, a basis being given 
by the classes of the elements ji, . . . ,jr- Then, if we put A — C/ J and I — J/ J^, we see that C/J^ is a 
fc-extension of A by / via the Atiyah exact sequence 

(9) 0^ J/J2^C/J2^C/J^0. 

If this exact sequence splits over A, the algebra C/ is isomorphic (in a non-canonical way) to the trivial 
fc-extension of A by /, so that we can identify C/ with B = I (B A after the choice of a splitting of 

Proposition 3.2 (HKR isomorphism, local case). Let C be a commutative k-algebra with unit and J 
be a regular ideal of C such that the associated Atiyah sequence ^ splits. If we choose an isomorphism 
between C j J'^ and B, the quasi-isomorphism P A in Mod (C) induces isomorphisms 

L,r L. r ^ i 

A ®(jA A® (.P ^ 0^ P ~ A 

RHom^ (A, A) — ^ RHom^ (P, A) Hom^ (P, A) ~ A^ / * [-i] 

'i=0 

in the bounded derived category D'^i^A), where I* = Hom^(/, A). 

Proof. For any element c in C, we denote by c the class of c in B. We also denote by {ei,...,e^) 
the canonical basis of /c''. If (j\, . . . , j^) is a regular sequence defining the ideal J, the Koszul complex 
L — {C ®^ KkT ,5) associated with (j^, . . . , j^) is a free resolution of A over C. For any nonnegative 
integer p, we define a map : L_p — ^^-p ^"7 the formula 

7-p(c (g) ei^ A . . . A eij = c ^ {Ib All, A . . . AJiJ. 

where the product * is defined in 12.21 The map 7_p is obviously C-linear, and if p is positive, 

dlp0 7_p(c®e;^ A . . . A ^ d_p{c * Ig AJi, A . . . AJiJ 

= c*d_p(lB Aj;^ A...Aj,_J 

= pc* {ji, A ... A 
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and 



7-(p-i) ° S_pic ® e;^ A . . . A "f-{p-i) ( j;^ ® e,^ A . . . A e;^_^ A e,^^^ A ... A J 

p I— 1 

1=1 

= c * ( A J,^ A . . . A A J,^^^ A . . . A 



= pc* iJi^ A ... A 

Thus 7 : L — s-P is a morphism of complexes. Hence we get two commutative diagrams 



A 



■A(g)(jP 



RHomc(F, A) 



Rome (P, A) 



A 



L,r 



■Ai 



id(»7 and RHom^(j{A,A) 
L 



. o ■y 



. o 7 



RHom^(L, A) 



Homc.(L, A) 



The vertical right arrow in the first diagram is the map from A Afc'' to A^I obtained by mapping 
each vector Cfc to jj,, hence is an isomorphism. The dual of this map over A is precisely (up to sign) the 
vertical right arrow in the second diagram, so that it is an isomorphism too. This finishes the proof. □ 

We now recall Kashiwara's construction of the dual HKR isomorphism. For any free A-module / of finite 
rank, we denote by 9j its top exterior power. 

Definition 3.3. If / is a free module of rank r and P is the associated AK complex, the dual AK 
complex Q is the complex of B-modules defined by Q = Hom^(P, 0j[r]) with a specific sign convention: 
the differential of Q is (—1)'^ times the differential of Hom^(P, 



To describe Q, notice that for every integer p between and r — I, there is an isomorphism of B- modules 
(10) A7''i?^Hom^(A^+'s,(?,) ^u,v) ^ {{ii) ^ j_Au+ {-If lAv}. 

Therefore the dual AK complex is isomorphic to 

Q : ^A^B ^^I"^^ " ^^A^ ^0 

where A is in degree zero, and the differential is — (p + 1) rf^-p '^^ each A^ B. 

We have a natural quasi-isomorphism Oj[r] ~> Q. given by the map c?,,^]^. Besides, as a complex of 
A-modules, Q splits as the direct sum of Oj[r] and of a null-homotopic complex. 

The isomorphism (|T0)) induces another one, namely: 
(11) 



a;, "i ^RomdA'/' B,dj). 



There is a natural product * : P (g)^ Q — which is defined by the same formula as the product * : 
(12) 



. l + l . r-fe 

: A^ B®s^A 

(il, il) ® (12, 32) 



, r-k+l 



(iiA j2 + (-l)'jiA jiA is) 



A straightforward computation shows that is indeed a morphism of complexes. 

Proposition 3.4 (Dual HKR isomorphism, local case). Under the hypotheses of Proposition 13.21 the 
quasi-isomorphism 0j[r] Q induces isomorphisms in [A) : 



miom''c{A,ej[r]) 



■RHom;;(A,Q) 



Homc(A,g) 0A,J[i] 



i=0 
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Proof. Since P is a complex of free ^-modules, the natural map from Hom^(P, 9j[r]) to RHom^(P, 6j[r]) 
is an isomorphism. Let us consider the following commutative diagram in D^{C): 



RHomJ,(yl, 9j[r]) ■ 



RHom^(P, 9j[r]) ■ 



■ Homc(P,ej[r]) 



RHomA(A (h c-P, fijH) ■ 



RHomc(A,RHomA(A,ej[r])) 9- RHonic (A, RHom^ (P, Bjlr])) -« Home (A, Hoiiia (P, [r])) 

KHom'^(A,0j[r]) s- RHoinc(A,Q) ^ Homc(-4,Q) 

By Proposition 13.21 (f)i and (/>2 are isomorphisms. This implies that 03 is also an isomorphism. □ 
We provide now another proof of Proposition [331 which gives a more precise result: 

Proposition 3.5. Under the hypotheses of Proposition^^ let (p be the morphism in D^iC) obtained by 
the composition 

©A^/W ^Homc(A,Q) RHom^CA W) Hom^lF, 0,[r]) ~ A^/[z] 

i=l 1=0 

where the last isomorphism is Ijlip . Then, as a morphism in D^{k), (j) acts by multiplication by the sign 

(r-i)(r-i-l) ^ 

(— 1) ^ on each factor A^I[i]. 

Proof. Let L be the Koszul complex associated with (j\ , . . . , j^) and 7 : L — s-P be the quasi-isomorphism 
constructed in the proof of Proposition [XH We must describe the composition 

Homc(A, Q) Homc(£, Q) RorndL, 0i[r]) Homc(P, 0,[r]) 

Let M denote the free P-module I^j^B and r : M — be the P-linear form defined by the composition 
/ (g)^ B — ^ / ®^ A = I — 5~ B. If we identify M with B^ via the basis {j^, . . . , j^), the linear form r is 

simply the composition B^ ■ — B. Thus, using the notation of § 12.11 L (g)^ B is isomorphic to the 

complex L{M,t). We denote this latter complex by {L,S). 

Hence we get by ^ the chain of isomorphisms 

Homc(P,Q) ~ Homs(i,g) ~ Q (g)^ Z * ~ g 0^ iL,-S) ®^ 9j[-r] ~ 6'/[-r] 0^ (Z, -5) (X)^ Q- 

Let {N,s',s") denote the double complex {L,~S) ®g Q and let s be the total differential. To avoid 
cumbersome notation, we use homological grading for N. 

Then, for < p, q < r, we have (for the definition of Wp ^, see i; 12. ip : 

van 0-1 ^P^D-i I'SSid n—l a— I 

- : A^/®^A>-A^/0^A^ / —^^A I®aI®a^a ^ 

^A^ I^A^J ^A^ I®a^aB 

- =id®[-(r-9+l)dJ. 

Besides, an easy verification yields that for < j < r. 
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- The morphism 0;^ : A^/[i] — s- Hom(^(P, Oj[r]) — ^ Hom(^(L, Q) ~ 8j[—r] 0^ N is given by the in- 
clusion 

^1 / ±}}:^ a\i^ e* ®^ {k\ I ®^ k\ I) e* ®^ {a\ I ®^ a;^ b) = e; ® n^^ , 

- The morphism /3j : A^/[i] — s-Hom^(j4,Q) — 5~Homp(L,Q) ~ 6*/ [— J^] ^^A^ is given by the inclusion 

A^ / a;^ / ~ 0; {^j®A ^\ I) — - ^; ®A i^A B ®A ^\ I) = ^; ® ^ 

Let R be the subcomplex of N defined by Rp ^ = A^I (g)^ A^I C A'^p 
Claim 1. For r < n < 2r, kers„ = R^. 

Proof. For any x in ker s„, let ^ (with n — r < p,q < r and p + q — n) denote the graded components 
of X. Then we have 

- s" (x 1=0 

- s' (t ) = 

n—r,r\ n—r.r/ 

Notice that for p,q > 0, Rp^q ^ kers^ Furthermore, if q is positive, Rp^q — kerSp^. Thus, if n > r, 
Xj. belongs to i?^ and it follows that x^_^ n-i+i belongs to -Rj_i n-i+i for n — r + 1 < i < r. If 
n = r, Q = R^ Q and q = s" g = 0. Thus x^ q belongs to R^ q and s'^_i ^{x^^i i) = 0. Hence x^_i i 
belongs to Rj._,i i and we argue as in the case n > r. This proves the claim. □ 

For any integers p and q such that < p,q < r and p + q > r, let tt^^ ^ : i?p^ g — ^Rp+q-r, r be defined by 
the composition 

^p., ■■ K^^A^A^ I®aK I®aK^ I®A^A^- 

Then, for any integer n such that r < n < 2r, we define a projector tt^^ : R.^ — ^R^-r r formula 

r 



-n—r 



(p + l)(p + 2) (n^r+l)(,i-r+2) 

where e„ ^ = (-1) 

Claim 2. For n < r < 2n, ker7r„ = ims„^]^. 

Proof. We begin by proving the inclusion ims„_|_;^ C ker7r„. The module ims„^;^ is spanned by elements 
of the form s- j^^i_^{x) + (— l)*s-' „^;^_j(x), with n + 1 — r<i<r and x in n+i-i- 1^ V denotes the 
projection of x on A^ / (g)^ A^ /, we have by (0) the identity 

(id ® A ) (W^„_,_ id) (id A ) (W,_i, 1 ® id)(y) = (id A ) (W„_,^ id)(2/). 

This implies that 



• ""i-l, n+l-i ('^i, rt+l-i(^)) ~ , ■ ""i, n-i ('^i, n+l-i (^) ) • 



Hence we get 



'^n[^i,n+l-ii^) + ( 1) *i,n+l-i(^)] ~ ^ri,i-l _ ""i-l, n+l-i (''i, n+l-i l^^)) 



Since we know that Q;„_r is a quasi- isomorphism in degree —(n — r), by the first claim we have the 
equality i?„_r r ® ™'Sn-i-i = kers„ — It follows that the kernel of the projector 7r„ is exactly the 
image of s„+i. □ 
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A quick computation shows that the map tt^ : — ^R^_^ ^ is the multiphcation by the constant 

im[a„. 



(—1)"*^" ' 'en,r X id- It follows from the second claim that 



(-1) 



i(n— r) 



^n,r Pn-r\ — 



'n+1- 



This yields the result. 

3.2. The construction of Arinkin and Caldararu. Let M be the free B-module B t 



□ 

/ and let t 



be the S-linear form on Af obtained via the composition B (E)^ I — A Cg)^ 1 = 1- 



B. 



Definition 3.6. The Arinkin- Caldararu complex {K,v) associated with the pair {I, A) is the tensor 
algebra K ^ ^ endowed with a differential v given for any positive integer p by the formula 



i>0 



v_ Jm-^ ® . . .® m ) = — T{mi) m2 



Remark that (K, i>) is a free resolution of A over B. Indeed, for any nonnegative integer p, 
(13) 

and the map p\ i'_p is simply the composition 0^ Af — — ^ 0^ The i3-module structure 
on 0^ M is given via the isomorphism (jl3p by 

(14) (a + i) .(i, i) ^ {a i_+i(^ i, a i). 
Besides, there is a canonical sequence of S-modules 

(15) O^0^/^0^M^07'/^O. 

Let a be the antisymmetrization map from 0^-^ to A^I defined by ([1]). Then there exists a natural 
morphism 



B 



given by C-pHi 3 ) = (flp+i(i): Qp( j ))• Thanks to ([8|) and ([T4)) . is i?-linear. Besides, if P is the AK 
complex associated with /, then C, '■ K — s-P is a morphim of complexes which is a quasi-isomorphism 
and commutes to the quasi-morphisms K A and P ^> A. 

This construction allows to prove Arinkin-Caldararu's HKR theorem in the local case: 

Proposition 3.7 ( 1 ). Under the hypotheses of Proposition^^ the map obtained as the composition 



A (g)^.A- 



A 



• c 



K- 



■A ®c Kc^®®j,m 

i>0 



® ai 

i=0 



i=0 



is an isomorphism in D^{A). 



Proof. We prove that this morphism is exactly the HKR isomorphism appearing in Proposition [321 This 
is done by looking at the commutative diagram: 



A(E)^ K 




e0,^w 



i>0 



□ 
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3.3. Additional properties of local Atiyah complexes. Let il^^/j, be the module of Kahler diffe- 
rentials of A over fc, and put iljj^j, = ^A/k ^ — * An A-conncction V on / is a fc- linear 
morphism V : / — ^ ^A/k '■^A ^ satisfying Leibniz's rule V(ai) — aVi ~\-da®i for any a in A and any i 
in /. In our setting, an A-connection on / is the same thing as the datum of a fc- vector space of rank r 
in / (corresponding to the space of flat sections of V). 

Recall that the automorphism group of B in the category of fc-extensions of ^4 by / is the set Derj,(j4, /) 
of fc-derivations of A with values in /, which is isomorphic to Hom^(r2^^j,, /). For such a derivation x, 
we denote by the associated isomorphism of B given explicitly by the formula U-^(i, a) = {i + x{'^)^ o). 

Proposition 3.8. Letx he an element of Der^.^ A, I) and x be the associated morphism, inlloin.^{il^^i^, I). 
Then: 

(1) Every A-connection on I induces a u^-linear isomorphism of the AK-complex P (resp. of the 
dual AK complex Q) commuting with the quasi-isomorphism P — A (resp. 9j[r] — Q). 

(2) // X ■ ^A/k — ^'^ isomorphism, there exists a canonical U-^-linear isomorphism of P (resp. 
Q) commuting with the quasi-isomorphism P A (resp. 9j[r] —^Q). 

Proof. (1) For any positive integer p, an ^-connection V on / induces an A-connection V on A^J. 
p p+i 

Let Rp : A^I — s-A^ / be defined as the composition 

AJ -f^^/,®^A^/ ^I'»a\I ^\ I- 

p+i p+i 

Using the isomorphism dH]), we define (/3_p : A^ B — s-A^ B hy ip_p{i, j) = {i_ + Rp{j), j). 

Then, using ([5]), we obtain that for any (i,a) in B, 

ip_p[{i,a) * (i, j)] = (p^p{ai_ +i A j,aj) 

^ {ai_ + i A i + Rp{ai),ai) 

= {ai_+iA i +aRp{i) + x{a) /\ i,ai) 

= Hl+Rpil)) + {i + x{a))A l,ai] 

= u^{i,a) *{t_+ Rpif), ]_) 

= u^{i,a) * if^p{i_, J ). 

If we take for ip^ : B — ^B the isomorphism u^, which is of course it^-linear, the <^_p's define the required 
automorphism of P. 

(2) For any positive integer p, the map x induces an isomorphism A^ x ■ ^A/k — ^ ^a^' 'I'l^*^^ define 
Rp : A^I — ^ A^^ / by i?p = A^^ x°^p° (A^ X ; where dp : ^^/f. — ^^ji/^ is the exterior differen- 
tial. For a in A and j in A^/, we have 

RpiajJ = AP+' X [a^^piiA'xr'il)) + da A (A^x)-'(j )] 
= aRp{j_)+x{da) A j_ 
= aRp{j_) + xia) A j_. 

Then we argue exactly as in (i). □ 

This proposition implies as a corollary that the two local HKR isomorphisms of Proposition 13.21 and 
Proposition 13.41 are in fact independent of the splitting of the Atiyah sequence since two different 
splittings yield isomorphic extensions. 

4. Atiyah complexes (II) 

In this section, we fix two connected analytic manifolds X and Y such that X is a proper closed complex 
submanifold of Y. We introduce some notation which will be used extensively in the sequel: r is the 
codimension of X in Y, j : X — ^Y is the canonical inclusion, X is the first formal neighbourhood of X 
in Y, j : X — ^X is the associated inclusion and B is the trivial Cj^-extension of Ox by N^/y Remark 
that by the adjunction formula, detAf^yy[— r] is isomorphic to the relative dualizing complex uj-^/y- 
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Although 'jJxjY object of D'^iX), we will always consider it as the object detA^^yy[— r] in the 

category of complexes of sheaves of O^-modules. The Atiyah sequence associated with the pair (X, Y) 
is the exact sequence 

(16) 

in Mod(C''^), which is a sheafified version of 

Definition 4.1. A quantized analytic cycle in a complex manifold y is a couple (X, cr) such that: 

- X is a closed complex submanifold of Y. 

- cr is a holomorphic retraction of ]. 

If (X, cr) is a quantized analytic cycle, then the Atiyah sequence is automatically split over ■ 

4.1. Analytic HKR isomorphisms. The constructions of §[2] can be sheafified in an obvious manner. 
Thus, for every positive integer p, A B is naturally a sheaf of S-modules on X. We get in this way two 
AK complexes V and Q which are complexes of B-modules. 

If a :X — ^X is the retraction of j obtained from a splitting of (jl6p . then cr induces an isomorphism 
t/ict : B^^O^ of Cj,f-algebras. 

Definition 4.2. For any positive integer p, we put A^ = ^*(^A^^ B) in Mod{Oj^), and we define 
the AK complexes and by Vg. — ip^V and = ip^Q. They are both complexes of Oj^ -modules. 



The results of § 13.31 can be extended in our setting. 

Proposition 4.3 (HKR isomorphism, global case). Let (A, cr) be a quantized analytic cycle of codimen- 
sion r in a complex manifold Y. Then for any locally free sheaves £ and £' on X , the quasi-isomorphism 
Vg £' ~> E' in Mod {Oj^) induces isomorphisms in D'°{Ox)- 

: f ^ ^ n ^ £ iK £') ^ ®£®£' ® A'N*/y H 

1=0 

r; : nnom^ {£, £') ^ TZnom^ {Vg ®o £, £') Homo^iVg ®c, £, £') 



nom{£, £') (E)AN_ 



X/Y 



Proof. We refer the reader to the proof of Proposition 13. 21 □ 
Remark 4.4. For any locally- free sheaves £ and £' on A, there are canonical isomorphisms 

£^(»o^£' -£(S)o^{Ox^®Oy£') and nHom^^{£,£') ^ £' ^a^TZHom^^{£,Ox)- 
in D^{Ox) which are compatible with the HKR isomorphisms of Proposition 14.31 

As in the local case, we also have a dual HKR isomorphism. To state the result, we consider for any 
holomorphic vector bundle £^ on A the isomorphism 

r 

(17) nomo^ {£, Q„ ^x/Y £') - nom{£, £') ® K'Nx,y [~^] 

i=0 

given by the left duality map introduced in § 12.11 (for this we consider the normal bundle as the dual 
of the conormal bundle, so that (jl7p is an isomorphism of left modules over the graded exterior algebra 

of N*^y). 
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Proposition 4.5 (Dual HKR isomorphism, global case). Let {X,a) be a quantized analytic cycle of 
codimension r in a complex manifold Y. Then for any locally free sheaves £ and £' on X , the quasi- 
isomorphism £' ~> (g)^ '^x/Y ®0 ^' induces an isomorphism 

fa : nnom^^{£,£') ^^nnom^^{£, ®o^^x/y 

noma^{£, Q„ ^x/Y - ® 'Hom{£, £') ® A^N^^y 

in D^{Ox), the last isomorphism being given by (jl7p . 

Proof. We refer the reader to the proof of Proposition [33] □ 

The set of retractions of j is an affine space over Der^^ (Ojf , A'^^y), the latter being isomorphic to 
Hoirq^ (fl^, N^^y)- The main difference with the local situation is that the HKR isomorphism can 
depend a priori on a. This problem will be discussed in § 14.31 At this stage, we only give the following 
result, which is the global analog of Proposition l3.8l 

Theorem 4.6. Let (X,Y) be a pair of complex manifolds such that X is a closed submanifold ofY. 

(1) Assume that -/V^/y carries a global holomorphic connection. Then for any retractions a and a' 
of 2 y T^a (f£sp. Q^) is naturally isomorphic to V^, (resp. Q^,) and this isomorphism commutes 
with the quasi-isomorphism Oj^ (resp. i^xjv Q-a)- 

(2) Let (J and a' be two retractions of j such that the element a' — a in Hom^^ (^jc i ^x/y) '^'^ 
morphism. Then (resp. Q^) is naturally isomorphic to V^i (resp. Q„i) and this isomorphism 
commutes with the quasi-isomorphism V„ ~> (resp. i^xJy Qa)- 

Proof. We refer the reader to the proof of Proposition 13. 81 □ 

As a consequence, we obtain immediately: 

Corollary 4.7. Assume that Y = X x X, and let and be the retractions of j induced by the first 
and second projections. For any complex number t, we put CTj = (2 — t)ai + (t — 1)(T2- Then for any s 
and t in C, F^. = . 

Proof. The map - in DcTf.^{Ox,N^jx>,x) gi^'^^ ^y 

K - ^2)(/) - {{x.y) ^ .f{^) - /(y)} modulo J],. 

It induces an isomorphism between 51^ and X-^/xxX' ^o^i fo'" complex numbers s and t such that 
s ^ t, at ~ ^ {s - t){ai - a^) so that F^ = F^^ by Theorem |H] (2). □ 

p+i 

4.2. The twisted case. For any nonnegative integer p, the sheaf A^ Oj^ is isomorphic (as a sheaf 
of O^^-modules) to A N*^y ® A- N^^y via the isomorphism Besides, any section s of the sheaf 

HoniQ (A Nx/y,A Xx/y) induces a section of ^uio- (A^ O-^) given by 

a, j) I — ^ (i + s( j), j) 

so that we have a canonical embedding of HoniQ^ (A Nx/y ^ ^x/y) ^ •AutQ_{K^ ^x)- 

Recall that for any vector bundles £ and 7^ on A and every nonnegative integer i, there is a canonical 
isomorphism between ExtQ^(f,7^) and W'{X,'HomQ^{£,F)). 

Definition 4.8. For any nonnegative integer p and any A in ExtJ^^ (A^'iV^^y , A*'^ TV^^y)), we denote 
by A^ ^ Ox any twisted sheaf associated with the image of the class A in the Cech cohomology group 

Yi\x,Aut„^{Kl^'Ox)). 
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This definition makes sense because all such twisted sheaves are isomorphic. The sheaves A , Otp are 

p cr, A ^ 

sheaves of O-^ -modules which are locally isomorphic to 0-^. They fit into exact sequences 

(18) o^A'^'N^/y^Al^^Oj^^A'N^/y^O. 

If we fix for each integer p between and r — 1 a class Xp in Ext^ {A^'N^^yy-^^ -^x/y)^ exact 
sequences (ITS)) allow to define twisted AK complexes and _^ which are well-defined 

modulo isomorphism. Then the results of Proposition 23] also hold in the twisted case. 

Proposition 4.9. Let a be a retraction of j , x ^6 Der^^ (Oj^^-, iV^^^) and x be the associated section 
of the sheaf 'HomQ^{Vl\,N ^^y)- Por any nonnegative integer p, let Xp denote the image of the Atiyah 
class of t^N^iY &?/x^id ExtJ^^ (A^A^^^-^^, A*'^ N^^y)- '^^^-'"^ ^^j^^^x ^x '^^^ isomorphic 

as sheaves of -modules. 

Proof. Let {U^ j be an open covering of X such that N^^y admits a holomorphic connection Vq, on 

p+i . . . p+i 

each U^. For every a in J, A^^^Oj^ is isomorphic on to A^ Oj^ via 

J ) I (l - (X A id) (A^" V„ ii)), J ). 

Thus, for any a, /? in J, if = A^" V„ , - A^ , , 

° <^a'(i, i) = {i + (x Aid) (Af„^( j)), I). 

p 

Since is a 1-cocycle representing the Atiyah class of the holomorphic vector bundle A N^^y 

ExtJ,^ {A^N^^y,n\ (g) A^N*^y), we get the result. □ 

We now recall Arinkin-Caldararu's construction of general analytic HKR isomorphisms and make the 
link with twisted AK complexes and twisted HKR isomorphisms. Recall that for any locally-free sheaf £ 
on A", if f admits a locally- free extension £ onX, there is an exact sequence 

(19) — ^ N*^y £ — T — ^ £ — 

of sheaves of O-^ -modules. Thus, for any nonnegative integer n, if /C_„ is a locally free extension of 
® ^x/ Y on AT , we have an exact sequence 

(20) o^0"^V^/^^/C_„^0"Ar^/^^O. 

Definition 4.10. If (^-ri)„>o locally free sheaves on X extending ({^ -^x/y) n>o' twisted 
Arinkin-Caldararu complex (JC, v) is the complex ^ endowed with the differential u given for each 
positive integer n by — ^ in-i ° '^n- "-^ 

Since the sequences (1^ are exact, (/C, i/) is a free resolution of over O-^. The main result about 
(/C, v) is: 

Theorem 4.11 ([!]). Let (X,Y) be a couple of connected complex manifolds such that X is a closed 
complex submanifold ofY of codimension r. Then 

L,r 

(1) The complex Cg) q is formal in D (O^) if and only if N^^y can be extended to a locally- 
free sheaf on X . 

(2) //(/C_„)^^Q is a sequence of locally-free sheaves onX extending ({^ -^x/y) n>o' map 

is an isomorphism in D^{Ox)- 
Remark 4.12. 
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(1) If the Atiyah sequence (jl6p splits, then any retraction a of j aUows to produce an extension of 

^x/Y o^^^i namely a*N^^Y- 

(2) This theorem appears in |T] only when ICq = Oj^ and /C_„ — K-i for n > 1 (which cor- 
responds to the untwisted case), but the proof remains unchanged under these slightly more 
general hypotheses. 

Assume now that splits, and let cr be a retraction of j. Then, if {1C_^^^^ is a sequence of locally-free 
sheaves onX extending ({^ ^x/y)„>o' ^^'^^ exact sequence (pOj) defines (via a) an extension class ^„ 
in ExtJ,^ (0"^i/y,0"^'^i/y)- 

Theorem 4.13. Let {X,a) be a quantized analytic cycle of codimension r in a complex manifold Y, let 
{^-n)n>Q " sequence of locally-free sheaves on X extending ({^ -^x/y) n>o^ '^^^ (M")n>o 
associated extension classes in [E:id,^ ((^ ^x/Y^^ ^x/Y}}n>o' 



For every integer n between and r — 1 , let A„ be any element in Ext ^ (A N^^y^ ^ -^x/y) ■^^^c/i t/iat 

fi„ and map to the same extension class m Ext ({^ N^^yi-^ ^ ^x/y) ^'^'^ antisymmetrization 
morphisms. 

Then T ^ — ^cr x^^ x ■ particular, if ICq — O-^ and /C_„ — '^*-^x/y /"'^ 5^ 1; then T ^ — T^. 

Proof. We start with the case /Cq = and /C_„ = (S^q— for n > 1, so that all the classes 
/!„ vanish. Then for every nonnegative integer n, there exists a natural morphism : /C_„ — ^(^o-)-™ 
given by the composition 

where the last arrow is induced by the map x — (t*(1) A x. Then C : /C — ^V^. is a morphism of 
complexes, which is a global version of the morphism C, constructed in § 13. 2[ and we can argue exactly 
as in Proposition 13.71 

In the twisted case, our hypothesis implies that there is a morphism ^ : IC — ^ which is 
locally isomorphic to the previous one. Details are left to the reader. □ 

4.3. Comparison of HKR isomorphisms. Let (X, cr) be a quantized analytic cycle in a complex 
manifold Y, and fix two sequences of cohomology classes A_ = {\)o<p<r-i l"- ~ (Mp)o<p<r-i such 

1 p 

that for each p, Xp and fip belong to Ext^,-, (A A^^J^^, A N^^y)- If 'Pcr,x and Va.fi are the twisted 
AK complexes associated with A and /i, the isomorphism 'P^ \ '■ ^ — O-^ — ^ in D^{Oy) 
induces an automorphism A^ifJ., X) of ®[^o ^ -^x/y W -^'^(^x)' shown in the following diagram: 



A„(m,A) 



4=0 

If we put A<^(A) = A„(0, A), then A^(/i, A) = A<^(/i,)"^ o A^(A). Recall that 

r r 

Hom^.(o^) [0 A'N*/y[j], aV^/^h] = Ext^-j' {A' N*^y,A'N*^y) 

j=0 i=0 0<j<i<r 
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Therefore, an endomorphism of ^ A N^.yii] in the derived eategory D^(0-^) can be represented by a 

2 = 

lower triangular (r+ 1) x (r+ 1) matrix (M^ j)^^^ such that for i > j, the entry j is a cohomology 
class in Ext'^^ (A;^ ^x/v ^'^x/y)- 

The computation of the coefficients A^(/i, A)i,j seems to be a delicate problem. We solve it only in 
particular cases. Let us introduce some preliminary material. 

For any integers i and j such that < j < i < r and any cohomology class v in H* -' (^X, A ^x/y) con- 
sidered as an element of Hom^b^^, ^ ^-^x/y[^~J])' ^® define a morphism Ij^ j('y) from A"* A^^^y [j] 



to A N^iy[i\ in D^{Ox) by the compostion 



tiig)o id 



In this way, we obtain a morphism 

l,,^. : ff-^" (X, h'^'N^^y) ^Ext^-^ (A; iV^/y, A^VV^/y). 



If * denotes the Yoneda product, for any integers k such that 0<k<j<i<r and any cohomology 
classes v and w in H'-^' (X, a' ■'a^;^/ j.) and H^"'' {X, A^ A^^^y ) respectively, we have 

We introduce some notation concerning Cech cohomology. Let il = {U^)^^j be a locally finite open 
covering of X. For any bounded complex of sheaves [F, d) on X, we denote by {^{T), 5, d) the associated 

Cech bicomplex, which is quasi-isomorphic to [F, d). Besides, we denote by A the wedge product on the 
exterior algebra AN^^y tbe level of Cech cochains. It is given by the well-known formula: 

A : '^''{A''N*^y) x'^''{A'N*^y)^^P+''{A''^'N*/y) 

Let w be a cohomology class in B.^~-' (X, A* '' N^^y) . Since X is paracompact, we can choose the covering 
it sufficiently fine in order that v be representable by a Cech cocycle (o^)^^ ^j.^+i. 

Define q^,,- (o) : 'rf{A' N*^y[j]) ^'^{A' N*^y[i]) by the formula q^ji^M = {-lf~'^'^''^^^^X,Av, 
where deg(r7) denotes the degree of the Cech cochain r]. Then q ^ ^ (o) is a morphism of complexes and 
the diagram 



X/Y 



'^{A'N*^y[j])^^^'^{A'N*^y[i]) 

commutes in D^{Ox)- 

Theorem 4.14. Let {X,a) be a quantized analytic cycle of codimension r in a complex manifold Y. Fix 
two sequences (c„)o<„<r and (rf„)o<n<r of cohomology classes in H [XjN^^y) ■ 

For any integer p between and r — 1, let and fj,p be defined in ExtQ^(^A^ N^/y, A^~^^ N^/y) by 
Ap = Ip+i,p(cp) and fx^ = lp+i^p{dp). 
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Then for any integers i and j such that < j < i < r, we can write Ag.(/i, A)j ^ = [i,j(Ci, j); where the 
classes d j o,i"e defined inductively by 

for < i < r, 
for < i < r — 1, 
for l<j<i<r — 1. 



G+i,o = (-ir(co-d^)UG,o 



Proof. We choose a locally finite covering il — {U^)^^ j of X such that for each integer n between 
and r — 1, the classes c„ and d„ are representable by Cech cocycles (c„ ^ j and (0„ ^ 

"^^(X, A'^/y). For any a in J, we fix isomorphisms 



,P'a,l3e.J 



-XI 



71+1 n+1 

A O-,,- and ?/'„ a : ^ C'-rr,,, 



such that for any a, /3 in J, (^^ ^ o 93„ \, and ^ o -^n, q are given via the isomorphism ([5]) by 

Vn,fi°Vn]a H: jj = (* +C„,a,/3 A J , j) and V"™, /3 O ^",7, a J.) = H + ''n, a, /J ^ j> j)- 

For any integers i, j such that < j < z < r, we define inductively cocycles (77^ ^ g ji-3+1 by the 



formulae 



ry^ , = 1 for < i < r, ?7.,+i, = (-l)'(co - 5,) A ry,, q for < i < r - 1, 
'7m.,=-^[j'?.,j-i + (-irMS-£',)A7y,^J for l<]<i<r-l. 
Let d be the total differential of the Cech bicomplex '^<o{V„ ^). For any integer fc, 

r+k 

nK,A^ '^'(CXyx) iffc>-" and <r(P,,^)fc = if fc < 



-n. 



/— max(0, k) 



Besides, d = (5 + (—1)^ ^i-k each "^^(A ^x)- ^^^^ nonnegative integers n and such that 
n + I < k and any ap, . . . , a^. in J, we define two morphisms of sheaves 



s ■ a"^'o- 



and 



.a"+'+'o- 



by the formulae 

'S'_„,i,a (i, = ((-l)Sn+i,n,a A a A j) and r_„,,^^ = "^,7+;, ° "S-n J, a ° V?™, a^, • 

By ([5]), ; ^ and T_,^ ^ ^ are O-^-linear. Since the covering il is locally finite, the morphisms 

(T „ , ^ define a morphism T „ : A , — ^^{V„ „) .A tedious but straight- 

forward computation shows that the (2^-n)o<„<r define an clement of Y{omQ_{V^ '^{T-'a p)); so that 
we get the following commutative diagram in D'°{Ox): 



V. 



a, X 



X) 
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This proves that the quasi-isomorphisni (f^ ^ : ^ — ^'Pa p. obtained by composing the two isomor- 
phisms of the first fine. Now we have another commutative diagram, namely 



id 



■O 



L, r 



o 



X 



o 



Ox Po,>. 



3=0 



AW 



X/Yl 



Thus Ag.(/i, A) is obtained by composing the two isomorphisms of the last line. The first one is explicitly 
given by 

Hence A^(/x, A_)i. j is equal to [j j {C,^ where Q j is the cohoniology class of 77 ^ ^ . This finishes the 
proof. □ 

Remark 4.15. The twist of the AK complex by classes in H^(X, A'^^y) admits the following geometric 
interpretation: the existence of a retraction a of j implies that the natural sequence 

(21) ^ ^\X, N^jy) ^ Pic( J) ^ Pic(A:) ^ 

is exact. This allows to identify H^^A", A^^^y) with isomorphism classes of holomorphic line bundles on 
X whose restriction on X is trivial. Then for any integer p between and r — 1 and any class /ip in 
(at, N'^^y) 1 if is a line bundle on associated with fip and if Ap = [p+i^ p(/Xp), it follows from ([8]) 

that ^ C'^x ®o-'^;- 

We compute Ag.(/i, A) in another particular case: 

Theorem 4.16. Let [X, a) be a quantized analytic cycle of codimension r in a complex manifold Y. For 
any integer p between and r — 1, let A^ and /ip be extension classes in Ext^^ (A^A^^^y , A^^^'^A^JJ-^y) 
such that Ap — /i^ for p ^ r — 1. Then 



a,(m,a),,, = i 



for < ? < r 



Acr(£, — - {Xj._i — ^r-l) 

All other coefficients Ag.(/i,A)j j vanish. 

Proof. We argue exactly as in the proof of Theorem 14.141 For any integer n between and r — 1, we 
represent the extension classes A„ and /i„ by Cech cocycles (c„ ^ ^) 
^i(X,Homo^(A^7Vj;./y,AP+^Ar^/y)) so that 



(a,/3)e,/ and Ka./3)(a,,3)ej 



Then we define the morphisms S_ 



as follows: 



S 



(r-l),l,Qo'"/-' ^ ^^^r-l,aa,a^ii) ''r-1, a^, ( j )) 



AU other 5_„ ^ ^ vanish. 



The morphisms ^ ^ define a morphism of complexes from to C('Pg. and we conclude as in 

the proof of Theorem 14.141 □ 



As a corollary, we obtain: 
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Theorem 4.17. Let {X^a) be a quantized analytic cycle of codimension two in a complex manifold Y, x 
be an element o/ Der^^ (O^, iV^^^y ), x associated element in Hom^,^ (17^, A^^^yy) and at(A^j^yy) 

be the Atiyah class of N^^y ''^ ^'^^o^i-^x/Y^^x "^-^x/y)' 

If 0{x) denotes the class — (x A id)(at(Af^y-y)) in Ext^^ (iVj^^y , A^iVJ^-^y), the automorphism r^.^^or""'" 
of Ox © A^^/y[l] © A'^N^/yI'^] «s given by the 3 x 3 matrix 




In particular, T^^^oT-^ = id m Aut£,b(c^)(0^ ® iV^^y [1] © A^iV^^y [2]). 

Proof. The first part of the theorem foliows directly from Theorem 14.161 and Proposition l4.9l The second 
part follows from the first one. Indeed, 29 (x) is obtained as the composition 

The class at(iV^yy) is obtained as the extension class of the exact sequence of 1-jets of N^jy'- 

® N*^y JHN^/y) ^x/Y 0- 

This exact sequence splits over C-^, so that a.t{N*^y) = in Exti^ (Nx/y^^x ^x/y) ■ Thus 0{x) = 
mE^tl,jN*/y,A^N*x/Y)- ^ □ 

We end this section by giving a conjectural expression for the matrix A^{ii,X). For this purpose we 
introduce the derived analog of the translation operator defined in § 12.11 

For any nonnegative integers to, p and k such that k > p and any <j> in Ext^^^(A^iVJJ.yy, A'^iVJ^.^y) 
considered as an element of Hom^^bj^ ^{A^ Nx/yiPl^ -^x/yI-^^)^ define a morphism i™p(0) in 

p-\-m k-\-m 

Hom^b(Q -|(A Nx/YiP + "^J' A Nx/YV^ + "^J) composition 

w ®o id 

p + m ^^P,m p L m 'r I S ^ L m A k + m 

A N-^^y[p+m] ^ A N^^y[p+m](g>^^A N^^y A Af^^^, [fe+m] g^,^ A TV^^^ — A N-^^ylk+m] 

The derived version of Lemma [2.31 tells us that for any class v in H*' ^ (^X, Nx/y) ^ 
This justifies the following conjecture: 

Conjecture 4.18. Let {X,a) be a quantized analytic cycle in a complex manifold Y. For any integer p 
between and r — 1, let and ji^ be extension classes in Ext^^ (A^A^^^yy , A^^ Nxjy^- 

For any integers i and j such that < j < i < r, we put A^. j = A^{p, j- If * denotes the Yoneda 
product, then the coefficients Aj ^ are determined inductively by the following relations: 

- Aj j = id for < i < r 

- A,+i^o = (-l)' ([,+i,,(Ao)-/i,)*A,^o for0<2<r-l 

- ^.+1, J = [•? + (-1)'"' (y+i,, \ - n) * A..,] for 1 < J < * < r - 1 
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5. The cycle class of a quantized analytic cycle 

5.1. Construction and basic properties of the cycle class. For any complex manifolds X and Y 
such that X is a closed complex submanifold of Y of codimension r, TZTLorriQ {0-^,0y) is canonically 
isomorphic to j*^x/Y ^^^{^y)- This implies that TZHom^ (C'xi ^y) is concentrated in degree r, so 
that there exists an isomorphism 

(22) nnom^„JOx,OY)^L0x/y 
in D^{Ox) such that the composition 

j*^x/Y — j*T^'Hom^^{Ox,OY) — TZ'Hom^^{Ox,OY) — j*^x/Y 

is the multiplication by (— 1) ' ^ ' (the choice of this sign will become clear in the proof of Theorem 15.21 
below). For any integer i between and r, we have an isomorphism 

(23) Uom^,^^ Jujx/Y, A' Nx/rHJ) ^ Ii'^-\X,A'-^ N*/y) 

obtained as follows: for any cohomology class a in ll^^^{X, A^^^N^^y) considered as a morphism from 
Ox to A'"^*A^j^yy [r — i] in D^{Ox), we associate the morphism 

^x/Y """"^ A^-^N*^y[r - z] ® u^/y A^N^/yH]- 

Definition 5.1. Let {X,a) be a quantized analytic cycle of codimension r in a complex manifold Y. 
Using the isomorphism (1221) . the morphism 



L^x/Y-T^'^^om^oJ'^x.Oy) ^nUom^^ (Ox,Ox) ® A^N^^y[~^] 

r 

defines via ((23)) a class in H'(X, A*iVJ^ ,y), which is the quantized cycle class qa-(X) of {X,a). 

2 = 

We now compute the quantized cycle class in specific situations. 

Theorem 5.2. Let {X,a) be a quantized analytic cycle of codimension r in Y and assume that there 
exists a couple (E, s) such that 

(1) E is a holomorphic vector bundle of rank r on Y . 

(2) s is a holomorphic section of E vanishing exactly on X and s is transverse to the zero section. 

(3) The locally-free Ox-fnodules E ®q O-^ and cr*N-^^y are isomorphic. 

Then q„{X) = 1. 

Proof. Let s* be the dual of s; it is a cosection of £'*. Since s is transverse to the zero section, the 
Koszul complex {C,5) = L{E*,s*) is a free resolution of Ox over Oy. Using Q, the isomorphism 
TZTLonifj^ {Ox,Oy) ~ j^ujx/y in D^{Oy) is given by the chain 

nnomi^^{Ox,Oy) C* ~ (£,-(5) deti;[-r] ^^0^ (g)^^ det£;[-r] -j^cj^^y. 

If r denotes the canonical cosection of a*N^^y and h is the isomorphism between E (x)q O-^ and 
cr *N^^y given in condition (3), then s *o */i is a cosection of a*N^^y vanishing on X. Hence there exists 
an cndomorphism F of the conormal bundle N^jy such that s*o */i is obtained as the composition 

^i/y N^,y ^ O^ 

This means that s*o 'ft, r o a*{F). Using again that s is transverse to the zero section, we get that F 
is an isomorphism. Therefore, if we replace h by a*\*'F^^\ o /i, we have s* o*-h — t . 

We can now construct a global quasi-isomorphism 7 : C^^V„ (which is the global analog of the quasi- 
isomorphism 7 constructed in the proof of Proposition 13. 2p as follows: for < p < r, 7_p is given by the 
composition 

^* — - Ao-(^* ^ A;_(a*7v^/^) K^N^^y o^ — - A^^y^ 
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where the last arrow is x (g) (i, a) I — (i A x, ax). Let A : uj 



X/Y' 



AWj^^y[— i] be the morphism in 



£''^(0^) defining the quantized cycle class q^{X) (c.f. Definition IS.ip and let ip be the automorphism of 
j,AW^,y[— i] in D^{Oy) such that (— f ) * 2^ ' -0 is given by the composition 



4=0 



j,AW^,^[-z] j^nUom'^ {Ox, Ox) - J.nnom'^ {Ox, Ox) J*AW 



1=0 



x/yI 



Then can be expressed as the chain 



X/Y 



iC-S) dct i?[-r] ^ j;(AW;/yH u;^/^) 



J*AW^ 



Define two morphisms A and ■0 in D^{Ox) and £''^(0^) by the diagrams 

A 



J*^'N 



X/Y I 



and 



X 



^x/Y ®Oy det£'*[r] 



AW 



1=0 



x/yv 



A ®„ id 



AW 



j=0 



det£;*[r] 



i=0 



■ 0j,AW^,^[zl 

i=0 



0J*AW 

2 = 



ip ®^ id r- 

det E * [r] — ^ j„ AW 

i=0 



X/Yl 



det£;*[r] 



Then: 



For < i <r, the i-th component of A in Hom^b^^ -^(0^, AW^^y [i]) is q^{X)^- 
The morphism j,A is the composition of the chain of morphisms 



O 



X 



(£, -S) j.A^N*[i] ^ j;AW* ^[z]. 

i=0 i=0 



Using the quasi- isomorphism 7 : C ~> "Pj , we get that j,A is equal to the composition 
Ox {K, -d) J*A^N*,y[i] -^^j,A^N*,y[T]. 



We now make the two following observations: 

- As a complex of Cy-modules, V„ splits as the direct sum of Ox and a nuU-homotopic complex. 



The global version of Proposition 13.51 shows that ipi as a morphism in the derived category D (Cy), 



acts by (— 1) 



on each factor j„AW 



X/Y I 



Thus, as a morphism in D^{Cy), j*A is simply the injection Ox — ^ i*AWj^ ,y [i]. Hence we get 

i=0 

q„{X)„ ^ 1 and q^{X)^ = for 1 < i < r. □ 
As an immediate consequence, we get: 

Corollary 5.3. For any quantized cycle {X,a), q^{X)Q ~ 1. 
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Proof. The class q^{X)Q is a holoniorphic function on X, so that it can be computed locahy. Hence we 
can assume that X is open in C" and Y = X x U where U is open in C. If i? is the trivial rank r bundle 
on Y and s is the section {z^_^_^, . . . then Theorem 15.21 yields qpr^{X) = 1. Since N-^^y is trivial, 

q„{X) is independent of a by Proposition 14.61 (1). This gives the result. □ 

We now turn to the case of the diagonal injection. For any complex manifold X , we identify the conormal 
bundle of A^^ in X y. X with as follows: for any germ on holomorphic function / on X, the local 
section pr*(/) — pr2*(/) of the conormal sheaf of the diagonal corresponds to the local section df of the 
cotangent bundle of X. 

Theorem 5.4. For any complex manifold X, qpr_^(A-^) is the Todd class of X . 

Proof. If Q is the dual Atiyah-Kashiwara complex associated with {A-^^,pTl), the main result of ^ is 
that for a specific isomorphism between Ox and HfhiomQ ^ ^ ^{O x , ^ x ^ ^x)^ '^^'^ composition 



T^^om'„_ iOx,^x^Ox) 



■ nUoml, ^ (Ox,uJx)^ noma _ (O^ , Q) ^ f!^ [z] 



1=0 



is the Todd class of X. It follows that qpr^{Ax) = (ptd{X) where is a nowhere zero holomorphic 
function on X. By Corollarv l5.3[ (p = 1. □ 

To conclude this section, we compute the quantized cycle class in the case of divisors. For any cohomology 
class S in H^{X, Nx/y)^ ^® denote by £g the associated line bundle onX. Then, for any C in Pic(X) 
such that j * C ~ Ox, there exists a unique cohomology class 5 in H^{X, Nx/y) such that C is isomorphic 
to Cg (c.f. Remark 14.15 1) . 

Theorem 5.5. Let {X,a) be a quantized analytic cycle of codimension one in a complex manifold Y, 
and let S be the cohomology class in H^{X, Nx^y) such that j Oy{X) ®Q_a* Nx/y is isomorphic to C^. 
Then q^{X) = 1 + 5. 

Proof. Let Af (rcsp. J\f') denote the holomorphic line bundle cr*Nxiy (resp. j* Oy(X)) onX. Then we 
have two natural exact sequences 



0-. 



If A : N^,^\-l]^Ox © 
the composition of quasi-isomorphisms 

O 



and 



0-. 



■N' 



X/Y 



x/Yi—^] — ^(^x ® ^x/y[~l] is the morphism in D^{Ox) defining q^{X), then A is obtained as 



X 



O 



X/Y 



(id (8)2,0) 



N 



{ — i'® id, — tt) 



^/^ (0, id) 
(-7r'®7r, 0) 
2 



■N 



X 

() 

X/Y 



Let A' = j,A( 
sequences 

0^ 



X/Y 

A^^^y [1]) . If s, s', i, t' are the maps occurring in the two natural 



■N 



X/Y 



O- 



X 



O 



X 



and 



N 



X/Y 



-~5 



■ o 



X 
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then A' is the composition 



N * 



c 



O 



X 



■O- 



X 



o 



X/Y 
() 



^X 



X 



(0,id) 



O 



X 



Thus, as a morphism in D^{'Cy)i ^' is the composition 



■N 



O 



X 



O 



X/Y 
() 



(-id,0) 



'X 



X 



(0,id) 



O 



X 



Therefore, via the isomorphism Hom^b^Q -,(0^^ , ® A'^^^^[l] 
A' = 1 + (5. This yields the resuh. 



Ox)®H^{X,N^/y), we have 



□ 



5.2. The six operations for a closed immersion. We denote by j* (resp. j') the derived puUback 
(resp. exceptional inverse image) induced by the closed immersion j . More explicitly, 



j*:D-{Oy)^D-{0^) 
These two functors satisfy the adjunction formulae 



L. r 



Hom 
Hom 



{^■i*Q) - Hom 
{j*Q,^) - Hom 



as well as the projection formula 



for any J' and Q in D^{Oy) and D^{Ox) respectively. For any element J- in D^{0-^^), there is a natural 
isomorphism 

J* (j - J* (i *j*c>x ^) 

in D^{Ox) obtained by the chain 

L L L 

using the projection formula twice. 

Remark 5.6. It is important to notice that for general pairs {X, Y) of complex analytic cycles, the 

L 

objects j*j^,J- and i*j^,Ox ®o ^ are not always isomorphic in D {Ox)- This can be seen as follows: 
assuming that is locally free, it is proved in [TJ §2.6] that if T is formal in D'^(C'jf) then T can 
be lifted to a locally-free sheaf onX. Therefore, if ^xiY '"^'^ ^® lifted to a locally-free sheaf onX but T 

cannot, then j * j^O x ®o formal and j is not. Of course, if j admits an infinitesimal retraction 
cr, both objects are isomorphic but the isomorphism cannot in general be chosen independent of cr. 

For any elements T and Q in -D^Qj^(Oy), the natural morphism 



nUoml{Ox.T®oQ)- 
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is an isomorphism. This means that we have an isomorphism j * ( . ) (Sq j '{ ■ ) — ^ j '{ ■ S^o ■ ) 
functors from D^^^^{Oy ) x D^^^^ (Oy) to D^^^i^O^ ) . 

5.3. Kashiwara's isomorphism. Let HTLyiX) be the generalized derived Hochschild complex. It is 
defined by 

(24) nnyix)^j*j,o^. 

Then HHyiX) is a ring object in D^{Ox), the multiplication being given by the chain of morphisms 

r 

The object A*iVJ^,y[i] is also a ring object in D^{Ox), with multiplication given by cup-product. 

1=0 

Proposition 5.7. Let {X, a) be a quantized analytic cycle of codimension r in a complex manifold Y. 
Let a he a retraction of j . Then 

: HUyiX) AW*/^H 

is a ring isomorphism. 

Proof. We consider the following commutative diagram 



t 



■j*{j.Ox®oJ*0 



X) 



H°(r)(^j 



X 



where * : ®q — ^T^a has been constructed in 12.21 By ([7]), the composition of the two arrows of 

the first line is the cup-product map via the isomorphism H"(j *){V^) ~ A^N x^y[i]. This finishes the 
proof. □ 

Remark 5.8. This proposition holds in a more general setting, namely when Nxfy extends toX and 
Fg. is replaced by (where K, is the corresponding untwisted Arinkin-Caldararu complex). We refer the 
reader to [I] for more details. 

The object i'j^Ox can also be naturally equipped with an action of 'H'Hy{X). This is done using the 
chain of morphisms 

(25) J *j,Ox J -J^Ox 3 ' {3.0x 3.0x) 3 ' (j^Ox ®o^3.0x) ^ 3 l.Ox 

Proposition 5.9. For any quantized analytic cycle {X,a) of codimension r in a complex manifold Y, 
the isomorphism 

(F,,rj : {-HHyiX), j'-j^Ox) i® A'N*xM® A'Nx/yH]) 



1=0 



i=0 



preserves the module structure, where A'^N x/y[i] acts on A"^ N x/y[~i] by left contraction. 

i=0 i=0 
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Proof. Let us consider the following commutative diagram, in which we use implicitly the isomorphism 

id ^} ^ 



j "Pa 'S'o y{Qa ^O^'^X/y) 



■3'(Pa®o^ [S^®o^"x/y]) 



■ j'iQa '^o^'^x/y) 



where * is defined by (I12p . Now we have isomorphisms 

r 

3*V,^^t^N*^iy\^ and H°0-!)(Q, 

j=0 



i=0 



the second one being given by (IT7)) . Thanks to p^ . a direct computation shows that the composition of 
the arrows in the first horizontal row of the diagram is via the above isomorphisms the left contraction 
morphism. This yields the result. □ 

Definition 5.10. For any pair (X, F) of complex manifolds such that X is a closed complex submanifold 
of y, the Kashiwara isomorphism 2? is a specific isomorphism in the derived category D^{Oj() between 

3 *j*^x ^x/Y ^^"-^ j*^x given by the chain of morphisms 

Proposition 5.11. The isomorphism S is an isomorphism of left 'HT-LYiX)-modules. 
Proof. This follows directly from the commutative diagram 

3 *i. Ox ^ j 'j. Ox ' Ci- — ^ • U, Ox J- Ox ) ®o ^ i ' <^Y ^ 3 'i. Ox ®o^r ^y 

^j'-o.o^ 



We fix an isomorphism between j *j^Ox <E)q ^x/y ^^"^ ® ^*^x/y [~*] follows: 

^ i=0 



□ 



(26) 



Jf^O^'^Jf/y I " ^ X/Yri '-^O^ "^X/Y 

r„«>^ id »=o 



i=0 



Then the main result of this section is: 

Tiieorem 5.12. Let (X^a) be a quantized analytic cycle in a complex manifold Y, and let M be the 

r 

automorphism of ^ A*iVj,j.^y [— i] occurring in the diagram 



rkOx'^Ox'^x/^ 



X 
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where the left vertical isomorphism is defined by (j26p . Then for any integers i, j such that < i < j < r, 
the component Mj j of M is given by 

L 

In particular, J) is completely determined by the quantized cycle class q^{X). 

k 

Proof. Let A : iiJx/Y — ^® AW^^y[— i] be the morphisni in D^{Ox) defining the quantized cycle class. 

4=0 

For any integers i and j such that < i < j < r, Propositions 15 . 71 [5^ and [5.111 imply that M^^^ is given 
by the composition 

L 

L id ®Q A,,_j^- 

^'Nx,y[-3] A-^-^iV^/y [r - j] ®o,^x/Y ' 



which is exactly 



L (idA9„(X)^._J®o id 



This yields the result. □ 
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